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Abstract
In recent researches of the dynamics of solitons, it is gradually revealed that oscillation modes
play a crucial role when we analyze the dynamics of solitons. Some dynamical properties of solitons
on external potentials are studied with both numerical methods and analytical methods.
In this paper, we propose a method to deal with such oscillation modes of solitons in potential
wells. We show that oscillations of a soliton is described by the Klein-Gordon equation with an
external potential. Although this analysis does not seems to give quantitative scattering amplitude
of a soliton itself, it explains qualitative pictures of scattering. As a result of our analysis, when a
soliton is scattered in a cyclic potential, the Laue pattern emerges. Furthermore, since our analysis
is based on the Klein-Gordon equation, a discrete frequency spectrum of a soliton is obtained
when it is bounded by some potentials. What is especially important is that this analysis predicts
a frequency spectrum of a soliton in the Coulomb potential and then we find that this system
absorbs external waves with specific frequencies described by the Rydberg formula.
∗yamato@sings.jp
1 Introduction
Since J. C. Maxwell proposed the electromagnetic field theory, many people tried to describe particles as soli-
tons of force fields, but all challenges failed: They could not even construct a solitary wave in 3+1 dimensions.
However, in 1962, the theory of hadrons proposed by T. H. R. Skyrme[1], in which baryons are described
as solitons of meson fields, attracted much interest. In this theory, he succeeded to construct a stable soliton
solution, and by the later studies it was cleared that this model gives good predictions to the properties of
hadrons[2].
In these days we know many soliton models in various dimensions of space-time, but they are not neither
accepted as fundamental physical theories nor denied. That is because we don’t know properties of such models
enough. By recent researches, we established various methods to obtain static properties of solitons, but still
we do not know how we can analyze dynamical properties of them, such as cross sections, since no systematic
method is established to deal with time evolution of soliton models, which are generally constructed of highly
non-linear equations of motion.
Although we do not have standard methods to calculate dynamics of solitons other than numerical calcu-
lation, there are several reports[3, 4, 5] which show the importance of vibration modes of solitons when we
analyze the scattering of solitons.
In this paper, we propose a method to deal with oscillation modes of dynamical solitons. Although detailed
complex structure of dynamics of solitons is not clear in our analysis, we believe that the qualitative pictures
of dynamical solitons are well described.
In the later sections, we first derive an equation of an oscillation mode, and then we argue how the equation
is modified under potential wells. With some approximation, we see that our equation is the same as Klein-
Gordon equation with potential. Then we analyze this equation in two types of potentials, a cyclic potential
and the Coulomb potential. Of course we have already know the results in these potentials, but we add some
comments to them. In the section 4, we summarize our results and discuss problems of our analysis.
2 Oscillation of a soliton
In this paper, we do not restrict ourselves to specific soliton models, but we treat general properties of any
soliton models.
To begin with, we assume some conditions. First, we assume that a soliton solution in our interest has
discrete oscillation modes, especially the lowest one with frequency ω0.
x
wave length ∼ ∞
ω0
density, energy or etc.
Figure 1: an image of oscillation
As seen from figure 1, usually wave length of the lowest mode is infinity. Soliton solutions may have other
oscillation modes, but restricting ourselves to situations in which we can neglect such high frequency modes,
we consider only ω0 in the following discussions.
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The second condition is about time scale of interactions. Generically, oscillations around a classical soliton
solution decay with specific lifetime. In the following discussions, we assume that time scale of interactions
between solitons and something is shorter than the lifetime of the oscillation mode, then we neglect effects of
such decay.
Now we begin to analyze this oscillation mode ω0. Though amplitude of oscillation depends on space
coordinates, we approximate roughly and neglect the dependence. Then we write the oscillation of a soliton
as
φ(x, t) ∼= sin(ω0t). (1)
Since we need a moving soliton to study its dynamics, we boost this oscillation and obtain a following wave.
φ(x, t) = sin(ω0γt− ω0βγx). (2)
This equation means that boosting a wave having infinite wave length, we obtain a wave having a finite wave
number k = ω0βγ. We can understand this fact intuitively by considering figure 2. We note that the wave
Lorentz boost
x
t t
x
equivalent phase line
Figure 2: Lorentz boost of oscillation
number k is proportional to the momentum of the soliton itself. Actually, when we write the energy (rest
mass) of the soliton as m, its momentum is written as p = mβγ. So we define the proportionality constant as
following.
k = ω0βγ
=
1
~
p, (3)
where ~ is not the Plank constant but a model-specific constant.1 Then m = ~ω0 and thus we obtain relations
similar to that of quantum theory.
We can easily write an equation of this oscillation φ as(
∂2 + ω2
0
)
φ = 0. (4)
Then we conclude that the oscillation modes of the soliton solution satisfy the free Klein-Gordon equation
when nothing disturbs motion of the soliton.
3 Soliton in potentials
Next we want to derive an equation of the oscillation mode which is also valid in potential wells.
1For example, it is a free parameter in Skyrme model and we can make it as the real Plank constant.
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We consider situation that a soliton pass through some potentials. For example, we introduce potential
energy to an action like
S =
∫
d4xL0 +
∫
d4xJ0(x)V (x), (5)
where L0 is the original Lagrangian of the soliton model, J
0(x) is the density of the soliton and V (x) represents
a potential well.
First we analyze motions of the soliton in the case that a potential has shape of a step function as shown
in figure 3. In figure 3, the oscillating soliton comes with momentum p, falls the potential of depth −V0 and
potential
0
p′
p
−V0
Figure 3: soliton passing through step function potential
finally gets momentum p′. By considering energy conservation, we obtain a following relation.√
m2 + p′2 − V0 =
√
m2 + p2. (6)
Of course exactly speaking, we must take energy of oscillation and reflection wave into account, but here we
approximate roughly again.
Now we can modify the equation (4) to satisfy the relation (6) as{(
i~
∂
∂t
+ V (x)
)2
−
(
~
i
∇
)2
−m2
}
φ = 0, (7)
where we adjusted notations to make it clear that this equation is the same as the Klein-Gordon equation with
potential wells. Then we can use well-known results of this equation to analyze oscillation of solitons.
3.1 In a cyclic potential
First we consider an oscillating soliton in a cyclic potential shown in figure 4. By calculating transmission
and reflection rates in the equation (7), we can easily show that the oscillation mode makes the Laue pattern.
Although what just we want to know is flux of a soliton itself, the equation (7) seems to tell us no information on
motion of the soliton. In this paper we try to obtain qualitative pictures of soliton flux instead of quantitative
one.
Solitons are scattered and change their momentum when they interact with the cyclic potential. Since we
can not calculate detailed scattering phenomena of solitons with the equation (7), we assume that solitons are
scattered to all directions with almost uniform possibility. When we choose one direction, it determine a period
of the cyclic potential, and then transmission and reflection rates of oscillation depending on the wave length
and period of potential are calculated in a standard manner. Then we see that there exists directions with a
high transmission rate and a low transmission rate. If a soliton is scattered to the path of a low transmission
rate, it lose its oscillation energy and kinetic energy and eventually the flux of the soliton to that direction
decreases. As a consequence of this scattering with the cyclic potential, we obtain the Laue pattern.
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Figure 4: soliton scattering in a cyclic potential (These circles are contors of the cyclic potential.)
Although our analysis may not be so accurate, actually, the fact that the length of potentials makes a
pattern of output soliton momentum in a numerical calculation is reported in [5]. So the Laue pattern will
emerge if we calculate this system numerically.
3.2 In the Coulomb potential
Next we consider a system in which a soliton is bounded in the Coulomb potential. It is well known that
the quasi-static solutions of the equation (7) with the Coulomb potential yield eigenvalues that express the
spectrum of the hydrogen atom.
When we write the Coulomb potential as V (x) = −α
r
, then the eigenvalues of the equation (7) are given as
ω(nr, l) = ±
m
~
[
1 +
α2
~2(1 + nr + ν)2
]− 1
2
(8)
∼= ±
m
~
[
1−
1
2
α2
~2(1 + nr + ν)2
]
, (9)
where
ν =
√(
l +
1
2
)2
−
α2
~2
−
1
2
. (10)
Since we do not quantize this system, this spectrum is not interpreted as a energy spectrum but just a spectrum
of frequency of soliton oscillation, so we do not concern the sign of eigenvalues.
Now we conclude that this system absorbs external waves which have frequency of following forms
ω = R
(
1
N2
−
1
M2
)
. (11)
Thus, we obtain the Rydberg formula and find that the system, a soliton in the Coulomb potential explains
the spectrum of the hydrogen atom except for effects with which spin is concerned.
4 Summary and discussions
In the recent studies of soliton models, it is gradually cleared that scattering properties of solitons have a
deep connection to their oscillation modes. In the arguments above, we cleared that the oscillation modes of
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a soliton in any classical soliton models are described by the Klein-Gordon equation under some assumptions.
Then we researched on the possibility whether classical soliton models can predict phenomena which are
calculated by the Schro¨dinger equation. If a classical soliton model appear to be equivalent to the Schro¨dinger
equation, then we are just released from the fatal problem of the quantum theory, the measurement problem.
Furthermore, soliton models have possibility to solve many problems on the standard model, such as the
number of parameters, the structure of generations and etc.
For this purpose, we analyzed oscillation of solitons in two types of potentials, a cyclic potential and the
Coulomb potential. First, we studied behavior of a soliton in a cyclic potential. Although our analysis does
not predict detailed scattering of the soliton, we find that this analysis gives insight to flux of the soliton, and
predicts the Laue pattern. Second, we obtained a spectrum of eigenvalues in a system in which a soliton is
bounded on the Coulomb potential. The eigenvalues are not interpreted as energy since we did not quantize
the system, but we saw that the system absorbs external waves with frequency described by the Rydberg
formula.
Although we did not argue about spin in our analysis, it is very interesting and important problem whether
soliton models can express spin or not.
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